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Generalized mode-coupling theory (GMCT) is a first-principles-based and systematically correctable frame-
work to predict the complex relaxation dynamics of glass-forming materials. The formal theory amounts
to a hierarchy of infinitely many coupled integro-differential equations, which may be approximated using
a suitable finite-order closure relation. Although previous studies have suggested that finite-order GMCT
leads to well-defined solutions, and that the hierarchy converges as the closure level increases, no rigorous
and general result in this direction is known. Here we unambiguously establish the existence and uniqueness
of solutions to generic, schematic GMCT hierarchies that are closed at arbitrary order. We consider two
types of commonly invoked closure approximations, namely mean-field and exponential closures. We also
distinguish explicitly between overdamped and underdamped glassy dynamics, corresponding to hierarchies
of first-order and second-order integro-differential equations, respectively. We find that truncated GMCT
hierarchies closed under an exponential closure conform to previously developed mathematical theories, both
in the overdamped and underdamped case, such that the existence of a unique solution can be readily inferred.
Self-consistent mean-field closures, however, of which the well-known standard-MCT closure approximation
is a special case, warrant additional arguments for mathematical rigour. We demonstrate that the existence
of a priori bounds on the solution is sufficient to also prove that unique solutions exist for such self-consistent
hierarchies. To complete our analysis, we present simple arguments to show that these a priori bounds must
exist, motivated by the physical interpretation of the GMCT solutions as density correlation functions. Over-
all, our work contributes to the theoretical justification of GMCT for studies of the glass transition, placing
this hierarchical framework on a firmer mathematical footing.
I. INTRODUCTION
One of the major challenges in condensed matter
physics is to understand the relaxation dynamics of glass-
forming materials, such as supercooled liquids and dense
colloidal suspensions1–3. Arguably the most striking fea-
ture of glass formation is that the viscosity or relaxation
time grows by many orders of magnitude upon mild vari-
ations in the temperature or density3,4; yet at the same
time only weak changes in the material’s structural prop-
erties are observed5,6. It is this apparent disconnect be-
tween structural and dynamical properties that lies at
the heart of the glass transition problem. Indeed, after
decades of research, a direct, causal, and quantitative link
between the structure and the dynamics of glass-forming
materials is still lacking5,7–12.
Mode-coupling theory (MCT) is the only strictly first-
principles, microscopically based theory that seeks to pre-
dict dynamic phenomena related to the glass transition
using only structural information as input2,13,14. Briefly,
MCT amounts to a time-dependent integro-differential
equation for the so-called intermediate scattering func-
tion F (k, t), i.e., a dynamic two-point correlation func-
tion which probes correlations in the density field for a
given wavevector k and time t. This equation is gov-
erned by a memory kernel that, to leading order, is writ-
ten as an (a priori unknown) dynamic four-point density
correlation function. MCT ad-hoc factorizes this four-
point correlator into a product of two two-point density
correlators F (q, t) and F (k− q, t), thereby yielding a
closed set of coupled equations for the intermediate scat-
tering functions at all possible wavevectors. Once the
required structural information is given as MCT input
– in the simplest form only the static structure factor
S(k) ≡ F (k, 0) – the theory can then be solved self-
consistently, thus effectively translating structural prop-
erties [S(k)] into dynamical [F (k, t)] ones15.
Despite MCT’s uncontrolled factorization approxima-
tion for the four-point correlators in the memory ker-
nel, the theory has been remarkably successful in cap-
turing important aspects of glassy dynamics. For exam-
ple, MCT correctly predicts the emergence of a plateau
in F (k, t) upon supercooling, stretched exponential be-
havior, a time-temperature superposition principle, non-
trivial scaling laws for the short-, intermediate- and
long-time dynamics of F (k, t), and complex reentrance
phenomena2,16. Quantitatively accurate predictions for
F (k, t) can also be obtained by means of a rescaling of
temperature and density in the weakly to moderately su-
percooled regime17. However, due to the factorization
2approximation, MCT also suffers from several patholo-
gies: the theory generally grossly overestimates the glass
transition temperature, underestimates the violation of
the Stokes-Einstein relation in the supercooled regime18,
and fails to account for Arrhenius-type behavior and the
concept of fragility19. Furthermore, MCT does not be-
come exact in the mean-field limit of infinite spatial di-
mensions20.
In order to remedy MCT’s main uncontrolled approx-
imation, i.e. the ad-hoc factorization of the four-point
density correlators, Szamel proposed a new framework
now referred to as generalized MCT (GMCT)21. Within
GMCT, formally exact equations of motion for the (un-
known) four-point correlators are derived, which yield a
new integro-differential equation with a memory kernel
that is dominated by six-point density correlators; these
six-point correlators are subsequently governed by eight-
point density correlation functions, and so on. This hi-
erarchical approach can, in principle, be continued up to
arbitrary order. Previous work has shown that apply-
ing the factorization closure at the level of the six- and
eight-point correlators, respectively, systematically im-
proves the location at which the dynamical transition is
predicted21,22. Continuing this procedure indefinitely ex-
tends GMCT to an infinite hierarchy of coupled integro-
differential equations as obtained in Ref. 23.
Since, in general, no analytic solution to the infinite
GMCT framework is known, a closure relation must be
imposed at a finite level of the hierarchy so as to obtain a
finite system that can be solved numerically. It is appeal-
ing to assume that such a hierarchy will converge with in-
creasing closure level; however, there is no explicit small
parameter in the theory which a priori warrants the ne-
glect of higher order correlations, and hence it is not clear
whether convergence can be generally achieved. The au-
thors of Ref. 23 studied this question both numerically
and analytically for so-called schematic GMCT frame-
works, i.e. simplified versions of the full microscopic the-
ory in which only one wavevector is included24,25. They
considered two kinds of finite-order closure approxima-
tions, referred to as exponential and mean-field closures,
respectively. Remarkably, it was found that all stud-
ied GMCT hierarchies converge uniformly with increas-
ing closure level. For one specific schematic hierarchy
with a known analytic infinite-order solution26, this uni-
form convergence could also be proven mathematically.
Although these results are based on schematic GMCT
models only, it is plausible that the fully microscopic
framework shows similar convergence behavior; for stan-
dard MCT, it has already been firmly established that
schematic models share many mathematical and physical
properties with the wavevector-dependent theory2. In-
deed, all other reported numerical GMCT studies to date,
either schematic or fully wavevector-dependent, have also
suggested a systematic convergence of the GMCT hier-
archy.
Here, we contribute to the theoretical justification
of GMCT by rigorously establishing the existence and
uniqueness of solutions for generic, schematic GMCT
hierarchies. Specifically, we will demonstrate that for
both underdamped and overdamped dynamics, and for
both exponential and mean-field closures applied at ar-
bitrary order, a unique (time-dependent) solution exists.
After briefly recapitulating the microscopic foundations
of schematic GMCT in Sec. II, we introduce the gen-
eral integro-differential equations and closures relevant to
schematic GMCT in Sec. III. We will distinguish between
the overdamped dynamics in Sec. IV and the full under-
damped dynamics in Sec. V. The equations for these dif-
ferent regimes have received different treatments in the
mathematical literature. Previous studies have, however,
not considered the applicability of these results to finite-
order hierarchies as obtained in schematic GMCT under
various closures. We show that exponential closures fit
perfectly in previously developed studies, whereas mean-
field closures require a new mathematical treatment for
the case of underdamped dynamics. Therefore, in Sec. V,
we will introduce the modifications needed to comple-
ment previously published mathematical studies and we
will construct complementary arguments to also establish
existence and uniqueness of mean-field closure solutions.
To this end, we assume the existence of a priori bounds
on the density correlation functions, which will be mo-
tivated in Sec. VI based on the physical background of
GMCT. Finally, we summarize the main results and con-
tributions of this paper in Sec. VII.
II. MICROSCOPIC GMCT
We first introduce the basic quantities and equations
studied in microscopic (wavevector-dependent) MCT and
GMCT; for more details, see e.g. Refs. 15 and 16. For a
system of N particles with positions r1(t), . . . , rN (t) at
time t, the local density at a point r in space is given by
ρ(r, t) =
N∑
j=1
δ(r− rj(t)),
where δ(r − rj) denotes the delta function. The Fourier
transform yields the density modes as a function of
wavevector k,
ρ(k, t) =
N∑
j=1
e−ikrj(t).
The intermediate scattering function F (k, t) is the time-
dependent autocorrelation function of these density
modes,
F (k, t) =
1
N
〈ρ(−k, 0)ρ(k, t)〉, (1)
with the brackets denoting a canonical ensemble aver-
age. Using the definition of the static structure factor
3S(k) = 1
N
〈ρ(k, 0)ρ(−k, 0)〉, the dynamic density correla-
tion functions can be normalized as
φ(k, t) = F (k, t)/S(k). (2)
The relaxation time of this function is a measure for the
glassiness of the system, and hence it constitutes the key
property predicted by standard MCT. In higher-order
GMCT, the 2l-point density correlation functions φl are
also considered,
φl(k1, . . . ,kl, t) =
〈ρ(−k1, 0) · · · ρ(−kl, 0)ρ(k1(t) · · · ρ(kl, t)〉
〈ρ(−k1, 0) · · · ρ(−kl, 0)ρ(k1(0) · · · ρ(kl, 0)〉
. (3)
Note that these multi-point correlation functions probe
density correlations over l distinct wavevectors. In the
GMCT framework of Refs. 16 and 21, these satisfy the
equations of motion
φ¨l(k1, . . . ,kl, t) + νφ˙l(k1, . . . ,kl, t)
+ Ωl
2(k1, . . . ,kl)φl(k1, . . . ,kl, t)
+
∫ t
0
Ml(k1, . . . ,kl, t− τ)φ˙l(k1, . . . ,kl, τ)dτ = 0,
(4)
where the dots denote time derivatives, ν represents a
friction coefficient accounting for short-time dynamics,
and the Ωl are bare frequencies given by
Ωl
2(k1, . . . ,kl) =
kBT
m
[
|k1|2
S(k1)
+ · · ·+
|kl|2
S(kl)
]
, (5)
with kB the Boltzmann constant, T the temperature and
m the particle mass. The memory kernels Ml in Eq. (4)
are given by
Ml(k1, . . . ,kl, t) =
ρkBT
16mpi3
l∑
i=1
Ωl
2(ki)
Ωl
2(k1, . . . ,kl)
×
∫
|V˜q,ki−q|
2S(q)S(ki − q)
× φl+1(q,k1 − qδi,1, . . . ,kl − qδi,l, t)dq, (6)
where ρ is the bulk density, δi,j is the Kronecker delta,
and the static vertices V˜q,ki−q are given by
V˜q,ki−q = k
−1
i [(ki · q)c(q) + ki · (ki − q)c(|ki − q|)] ,
(7)
with ki = |ki| and c(q) = ρ−1[1 − 1/S(q)] the direct
correlation function27. Note in Eq. (6) the explicit cou-
pling of all wavevectors via the integral over q, and
the appearance of the 2(l + 1)-density correlator φl+1
in the equation of motion for φl. Hence, all dynamic
multi-point density correlators are hierarchically cou-
pled. The GMCT hierarchy of Eqs. (4)–(7) may sub-
sequently be closed at arbitrary order, which will be dis-
cussed in more detail in Sec. III; the closure approxima-
tion φ2(k1,k2, t) ≈ φ1(k1, t)φ(k2, t) naturally recovers
the standard MCT equations.
As explained in Ref. 16, the above microscopic GMCT
equations are based on two remaining approximations:
(i) so-called off-diagonal dynamic multi-point correlators
are neglected, i.e. a set of l distinct density modes at
time 0 is correlated only with the same set of wavevec-
tors at time t [cf. Eq. (3)], and (ii) all static multi-point
density correlations, i.e. higher-order generalizations of
the static structure factor, are factorized into products
of S(k). That is, all relevant microstructural informa-
tion of the system is assumed to be contained in S(k),
but in principle one may also include higher-order struc-
tural correlators as additional theory input. Both of these
approximations are implicitly also employed in standard
MCT; importantly, the key improvement of GMCT is
to avoid the factorization for the dynamic multi-point
correlators φl in the memory kernel. The final GMCT
equations of motion, Eq. (4), are subject to the bound-
ary conditions φl(t = 0) = 1 and φ˙l(t = 0) = 0 for all
l.
III. SCHEMATIC GMCT
Schematic mode-coupling theories reduce the full equa-
tions of motion to a simpler form by dropping all explicit
wavevector dependence24,25. As discussed by Bengtzelius
et al.24, such a schematic approach is motivated by the
fact that the memory kernel is dominated by the main
peak of the static structure factor, which in the sim-
plest schematic approximation leads to the neglect of all
other wavevectors. Within schematic GMCT, the corre-
lation functions φl(k1, . . . ,kl, t) are approximated by ψl
in the following infinite hierarchy of underdamped cou-
pled integro-differential equations23,26:

ψ¨l(t) + ζψ˙l(t) + µlψl(t)
+λl
t∫
0
ψl+1(t− τ)ψ˙l(τ)dτ = 0,
ψl(0) = 1, ψ˙l(0) = 0.
(8)
Mathematically, at each level l ∈ N in the hierarchy,
ψl(t) is a real-valued function defined on [0,∞). Further,
ζ > 0 is an effective friction coefficient and µl represents
a frequency for the schematic approximation to GMCT,
which is positive in accordance with the frequencies of
Eq. (5). All λl > 0 represent the effective memory kernel
weight in the equation at level l, effectuating a replace-
ment ofMl given in Eq. (6) by λlψl+1. In the overdamped
limit, assuming the second-order time derivative can be
neglected in comparison to the other terms and rescaling
to ζ = 1, the equations take the form
ψ˙l(t) + µlψl(t) + λl
t∫
0
ψl+1(t− τ)ψ˙l(τ)dτ = 0,
ψl(0) = 1.
(9)
In Ref. 14, the study of different choices of the pa-
rameters µl and λl reveals that infinite-order schematic
4GMCT can predict avoided, discontinuous, and contin-
uous glass transitions. Moreover, it was shown that the
predictions of schematic standard MCT can also be re-
produced by a full GMCT hierarchy by fitting the pa-
rameters to a certain plateau height and relaxation time.
In the absence of an analytic solution as l → ∞, a
closure approximation must be used to obtain a finite
system of equations that can be solved numerically. A
closure at level L means that we presuppose a specific
formula for ψL+1 in terms of ψ1, . . . , ψL, which closes
the systems of Eq. (8) or Eq. (9) for the first L un-
knowns. Previous work has established, both numerically
for structural glass formers16,28 and analytically for spe-
cific schematic models14,23,26, that the predictions for the
density correlators ψ1 manifestly converge for increasing
closure levels.
We will consider from a mathematical point of view
two closures which are now commonly used in the GMCT
literature16,23,26. Firstly, the so-called exponential clo-
sure assumes that
ψL+1 ≡ 0. (10)
Note that this is essentially a simple truncation of the
hierarchy. With this closure, one then finds immediately
for ψL in Eq. (9) the explicit formula ψL(t) = e
−µLt.
Secondly, we will consider so-called mean-field closures
of the form
ψL+1 =
L∏
l=1
(ψl)
ml (11)
where for l = 1, 2, . . . , L the ml are chosen in N ∪ {0}
such that
L∑
l=1
l ·ml = L+ 1.
Note that this always leads to a self-consistent set of
GMCT equations. A typical example of a mean-field clo-
sure is
ψL+1 = ψ1ψL. (12)
When L = 1, the only possibility m1 = 2 corresponds to
the standard-MCT-based F2 model of Ref. 25. Finally,
we mention that earlier GMCT studies16,23 suggest that
the exponential and mean-field closures at a given order
constitute a lower and upper bound to the infinite-order
solution, respectively.
To determine whether a unique solution exists for both
types of GMCT closures at arbitrary order, and for
both overdamped and underdamped dynamics, we build
upon earlier mathematical studies of coupled integro-
differential equations. Since these previous works have
used different techniques for first- and second-order
integro-differential equations, the treatment of the over-
and underdamped GMCT equations requires different
conditions to be checked. Therefore, the existence and
uniqueness questions for the systems of Eq. (8) and
Eq. (9) are discussed separately in the next sections.
IV. OVERDAMPED DYNAMICS
We first turn our attention to an existence and unique-
ness result of solutions for the overdamped system of
Eq. (9) with one of the closures at some level L as de-
scribed above. A closely related system was studied by
Gtze and Sjgren in Ref. 29, where the system is written
in the form

ψ˙n(t) = −µnψn(t)−
t∫
0
mn(t− τ)ψ˙n(τ)dτ,
ψn(0) = 1.
(13)
Here, the kernel function mn is of the form mn(t) =
Gn(ψ1(t), . . . , ψL(t)) for some functions Gn describing
the coupling and the closure chosen (we detail the case
of Eq. (12) below). By an iteration procedure for a
linearized equation in the case L = 1, studied via the
Laplace transform, it is proved in Ref. 29 that a unique
solution exists in the class C1([0, T ],R) for arbitrary final
times T > 0 under the condition that the corresponding
one-dimensional kernel function G1 is absolutely mono-
tone on an interval [0, 1 + δ) for some δ > 0. This one-
dimensional case corresponds to the explicit proof for
schematic MCT, where indeed L = 1 and ψ2 = ψ1
2 is
the standard F2 model studied in e.g. Ref. 25. The same
method of proof applies to each of the L components of
Eq. (13) that represents schematic GMCT. Reference29
provides the existence of unique solutions ψ1, . . . , ψL in
C1([0, T ],R) for arbitrary times T > 0 under the condi-
tion that G1, . . . , GL all be absolutely monotone in each
of their L variables on [0, 1+ δ)L for some δ > 0, i.e., for
all 1 ≤ l ≤ L,
for all j1, . . . , jL ∈ N and x1, . . . , xL ∈ [0, 1 + δ) :
∂j1
∂x1
j1
. . .
∂jL
∂xL
jL
Gl(x1, . . . , xL) ≥ 0.
(14)
These conditions are clearly satisfied for both the ex-
ponential and mean-field closures of the GMCT hierar-
chy, since these closures yield monomial functions with
positive coefficients for the Gl. For example, the mean-
field closure of Eq. (12) is described by Gl(x1, . . . , xL) =
λlxl+1 if 1 ≤ l ≤ L−1 andGL(x1, . . . , xL) = λLx1xL. All
partial derivatives are positive if x1, . . . , xL are positive,
which yields the condition (14). Hence the existence and
uniqueness question for overdamped GMCT at arbitrary
order is fully covered by the theorem of Ref. 29.
V. UNDERDAMPED DYNAMICS
Let us now turn to the underdamped system of Eq. (8)
closed at some level L. Denoting Ψ = (ψ1, . . . , ψL), the
following local existence and uniqueness result is proved
in Ref. 30: there exists a (usually unknown) T > 0 and
a unique solution Ψ of class C2 on an interval [0, T ] sat-
isfying the system
5

λΨ¨(t) + Ψ˙(t) + Ψ(t)
+
t∫
0
m (Ψ(t− τ)) Ψ˙(τ)dτ = f(t),
Ψ(0) = Ψ0, Ψ˙(0) = Ψ1,
(15)
where Ψ0 and Ψ1 are arbitrary vectors in R
L, m ∈
C1(RL,RL×L) and f ∈ C([0,∞),RL). This local result
is extended to global existence and uniqueness up to ar-
bitrary T > 0 under the following condition of linear
growth:
There exists c > 0 such that ∀x, y ∈ RL :
|m(x)y| ≤ c(1 + |x|)|y|.
(16)
We will now describe the tools used in the proof of
Ref. 30, in order to introduce the modifications needed
for the application to the system of Eq. (8). Equation
(15) is written in the form (L+N )Ψ = (f,Ψ0,Ψ1) with
the linear operator L : Ψ 7→ (λΨ¨ + Ψ˙ + Ψ,Ψ(0), Ψ˙(0))
and the non-linear operator N defined by (NΨ)(t) =(∫ t
0
m (Ψ(t− τ)) Ψ˙(τ)dτ, 0, 0
)
. The fact that L is a one-
to-one mapping between Ψ and the initial conditions is
a well-known fact from the study of ordinary differen-
tial equations. Fredholm theory, the abstract functional
analytic theory developed for the study of integral equa-
tions, is used in Ref. 30 to establish invertibility of the
perturbed operator L+N . The invertibility of L+N for
functions Ψ defined on a time interval [0, T ] translates
precisely to the existence of a unique solution to Eq. (15)
on [0, T ] for arbitrary f,Ψ0 and Ψ1. The theory of Ref. 31
allows to deduce the invertibility from estimates on L and
N , which is the approach followed in Ref. 30.
In order to fully describe Eq. (8), all these results need
to be extended to the system

λΨ¨(t) + Ψ˙(t) + ωΨ(t)
+
t∫
0
m (Ψ(t− τ)) Ψ˙(τ)dτ = f(t),
Ψ(0) = Ψ0, Ψ˙(0) = Ψ1,
(17)
where ω is a constant diagonal L×Lmatrix with positive
diagonal entries. Indeed, taking
ω =


µ1 0
. . .
0 µL

 , m(Ψ) =


λ1ψ2 0
. . .
0 λLψL+1


with f ≡ 0 and the initial conditions
Ψ0 = (1, . . . , 1),Ψ1 = (0, . . . , 0)
leads to the equations of schematic GMCT introduced in
Sec. III, Eq. (8).
To establish existence and uniqueness for under-
damped GMCT, we recognize that the above modifica-
tions amount to replacing the operator L by a new linear
operator Lω,
LωΨ = (λΨ¨ + Ψ˙ + ωΨ,Ψ(0), Ψ˙(0)).
Since all µl are positive, this introduces no difficulties in
obtaining the same estimates as used in Ref. 30 to show
invertibility of the operator Lω+N . For the exponential
closures, existence of a unique global solution then follows
directly, since m can in this case be written as m(x) =
diag(λ1x2, λ2x3, . . . , λL−1xL, 0) and clearly satisfies the
linearity condition (16) by virtue of the Cauchy-Schwarz
inequality.
In the case of any mean-field closure, however, con-
dition (16) is violated due to a product term in the as-
sumption for ψL+1, e.g. ψ1 ·ψL for the mean-field closure
of Eq. (12). Therefore we construct an additional ar-
gument to complement the mathematical literature with
the needs of the physical setting of the mean-field clo-
sure. The argument relies on a bound on Ψ, which will
be discussed in the next section for the specific context
of GMCT. We can then cut off the kernel function m to
overcome the violation of condition (16) by the following
procedure.
Let us suppose that for physical models used in
GMCT, in particular for physical kernel functions m and
initial conditions intervening in Eq. (17), there exists an
a priori bound B > 0 for any solution that the problem
(17) might admit. More precisely, we suppose that
|Ψ(t)| ≤ B, t ∈ [0, T ] (18)
if Ψ solves Eq. (17) on [0, T ], and that B is independent
of T . We note that such a bound is by no means ob-
vious from a mathematical point of view, based solely
on Eq. (17) itself, but can be expected to exist for all
physical situations as will be argued in Sec. VI.
Next we start from a local solution Ψ to Eq. (17) on
[0, T ] for a T > 0 such that the existence and uniqueness
of Ψ are guaranteed by the local result of Ref. 30. We in-
troduce a smooth cut-off function χ : RL → R, compactly
supported with 0 ≤ χ ≤ 1, equal to 1 on [−B,B]L and
identically zero outside the box [−B − 1, B + 1]L. Then
the function χm satisfies condition (16). For example, in
the case of the closure of Eq. (12) we have explicitly for
any x, y ∈ RL:
χ(x)m(x)y =


λ1χ(x)x2y1
λ2χ(x)x3y2
...
λL−1χ(x)xLyL−1
λLχ(x)x1xLyL

 (19)
and the only non-linearity occurs with respect to x in the
last component. This nonlinear contribution can now be
seen to be compliant with condition (16), since we have
|λLχ(x)x1xLyL| ≤ λL · (B + 1)|xL| · |yL|
≤ λL(B + 1)|x| · |y|, (20)
exploiting that χ(x)x1 ≤ 1 · (B+1) when x1 ≤ B+1 and
χ(x)x1 ≡ 0 when x1 > B + 1.
6As a result, there exists a unique global solution Ψ to
the cut-off variant of Eq. (17),


λΨ¨(t) + Ψ˙(t) + ωΨ(t)
+
t∫
0
(χm) (Ψ(t− τ)) Ψ˙(τ)dτ = f(t),
Ψ(0) = (1, . . . , 1), Ψ˙(0) = (0, . . . , 0)
(21)
However, by introducing the cut-off function χ, we
changed the equation that is solved and Ψ and Ψ could
be different functions on [0, T ] (where Ψ is defined). To
compare the two, we combine the a priori bound (18)
with the very definition of χ to see that χ(Ψ(t))m(Ψ(t))
is equal to m(Ψ(t)) for t in [0, T ]. Hence Ψ also solves
Eq. (21) on [0, T ] and Ψ coincides with Ψ on this inter-
val by uniqueness of Ψ. Therefore, we drop the notation
Ψ and write Ψ instead, which can now be seen as an
extension of the local solution that we started with. It
remains to be seen that Ψ is indeed a global solution
to the original problem of Eq. (17). If the bound B of
Eq. (18) also holds globally for the solution of Eq. (21)
(which is expected due to the physical meaning of Ψ as
is argued in the next section), we have |Ψ(t)| ≤ B for
all t. Then χ(Ψ(t))m(Ψ(t)) reduces to m(Ψ(t)) for all
t and the global solution Ψ to Eq. (21) is also seen to
be a global solution to the schematic GMCT system of
Eq. (17).
Finally, this procedure of constructing a global solution
by means of a cut-off kernel does not guarantee unique-
ness of the global solution. To this end, one can again
invoke the results proved in Ref. 30. There, uniqueness
is proved for arbitrary locally Lipschitz continuous ker-
nels m. This is true for any mean-field or exponential
closure because these lead to continuously differentiable
kernels m, which are therefore in particular locally Lips-
chitz continuous.
VI. BOUNDED DENSITY CORRELATORS
As we have seen above, an a priori bound on the
schematic density correlators ψl can be useful in estab-
lishing existence of a solution to Eq. (17) when a mean-
field closure is applied. Intuitively, it is expected phys-
ically that all the correlation functions φl(k1, . . . ,kl, t)
are bounded since they measure correlations in the den-
sity fluctuations over time with respect to the initial con-
figuration; moreover, they are normalized by virtue of
Eq. (3). We now present a more rigorous argument for a
suitable bound.
We deduce from the definition of F (k, t), Eq. (1),
|F (k, t)| =
1
N
∣∣∣∣∣∣
〈
N∑
j,l=1
e−ik(rj(t)−rl(0))
〉∣∣∣∣∣∣
≤
1
N
〈
N∑
j,l=1
∣∣∣e−ikrj(t)∣∣∣ ∣∣∣eikrl(0)∣∣∣
〉
=
1
N
〈
N∑
j,l=1
1
〉
= N.
Inserting this in Eq. (2), we obtain
|φ(k, t)| ≤
N
|S(k)|
=
N2
|〈ρ(−k, 0)ρ(k, 0)〉|
. (22)
This shows that φ(k, t) is bounded uniformly in time, at
least when S(k) 6= 0 as is always the case for supercooled
liquids that are described by MCT (or GMCT), which is
central to this paper. Completely analogously, for the 2l-
point density correlators φl(k1, . . . ,kl, t), one generalizes
Eq. (22) to
|φl(k1, . . . ,kl, t)| ≤
N2l
〈ρ(−k1, 0) · · · ρ(−kl, 0)ρ(k1(0) · · · ρ(kl, 0)〉
. (23)
Now ψ1(t), . . . , ψL(t) are to be interpreted as the
wavevector-independent approximations of the φl at the
main peak of the static structure factor, so we extend the
bounds of Eq. (23) to uniform bounds on the ψl(t).
For completeness, we also present an argument in the
hydrodynamic limit to motivate a more stringent bound
on the density correlator φ(k, t) of Eq. (2). As the hydro-
dynamic limit has to be assumed, it is less general than
the derivation above, but it is more intuitive since it ap-
peals to physical arguments. We recall the continuity
equation
∂tρ(x, t) = −∇ · J(x, t),
where J is the density current, which holds because the
mass of the system is conserved. In the hydrodynamic
limit, we can combine this with Fick’s law. Denoting the
diffusion coefficient by D > 0, it gives
J(x, t) = −D∇ρ(x, t).
This leads to the following equation in the Fourier do-
main:
∂tρ(k, t) = −D|k|
2ρ(k, t),
whence
ρ(k, t) = ρ(k, 0)e−D|k|
2t.
We deduce for F (k, t) that
F (k, t) =
1
N
〈ρ(k, 0)ρ(−k, 0)〉e−D|k|
2t
= S(k)e−D|k|
2t,
7from which we conclude φ(k, t) = e−D|k|
2t, comparing to
Eq. (2). In particular this leads to the conclusion that
0 ≤ φ(k, t) ≤ 1 under the assumption of the hydrody-
namic limit, while otherwise we still have a less stringent
bound −M ≤ φ(k, t) ≤M ′, with M,M ′ <∞.
In order to use these bounds and to draw conclusions
for the existence and uniqueness of a global solution to
Eq. (8) under an arbitrary mean-field closure, the argu-
ment of Sec. V has to be generalized to arbitrary mean-
field closures (as opposed to the example of Eq. (12) ex-
plicitly treated above). We observe that Eq. (20) can
indeed be generalized to any mean-field closure in or-
der to establish the condition (16), using the bounds on
the schematic correlators ψl (which play the role of x in
Eq. (20)). The remainder of the argument can be used
unchanged to obtain global existence and uniqueness for
Eq. (8) with any mean-field closure, based on the a priori
bound motivated here.
VII. CONCLUSION
This paper investigates whether unique mathematical
solutions can exist for coupled integro-differential equa-
tions as encountered in generalized mode-coupling the-
ory of the glass transition. We have considered GMCT
hierarchies with both overdamped and underdamped dy-
namics, closed under either an exponential or mean-field
closure approximation at finite order. In the case of
overdamped dynamics, Eq. (9), we have seen that both
the exponential closure and any type of mean-field clo-
sure lead to kernel functions that meet the hypotheses
of the work in Ref. 29 and we conclude that the ex-
istence and uniqueness theory is mathematically com-
pletely rigorous for these closures. This is a fundamental
theoretical result for GMCT studies where the system of
Eq. (9) is solved numerically in the absence of analytical
solutions19,23.
In the case of underdamped GMCT dynamics, Eq. (8),
the same result is obtained for exponential closures by ap-
plying the work of Ref. 30. For mean-field closures, how-
ever, the hypotheses provided in the theorem concerned
are violated as a result of product terms in Eq. (11). In
this case, only a local existence result can be deduced,
which does not necessarily hold for arbitrarily large final
times.
A consideration of the physical origins of the GMCT
equations leads towards a possible remedy for this in-
compatibility with the mathematical literature. Starting
from the definition of the density correlations of interest,
we have derived a bound on the schematic density cor-
relator φl(k, t). Inspired by this result, we propose an
argument based on an a priori bound on solutions of the
system of Eq. (8). Adapting the equations in a way that
exploits this bound, allows us to verify the hypotheses of
Ref. 30 and to obtain global existence and uniqueness of
solutions also for mean-field closures. It has to be pointed
out, however, that such an a priori bound is not evident
from a strictly mathematical point of view, and comple-
mentary mathematical studies could aim to derive one
based solely on Eq. (8) in order to render this argument
completely rigorous.
To conclude, the rigorous results obtained above are
important theoretical foundations for the study of the
structure-dynamics link in glass-forming matter, for
which GMCT at increasing order is a promising, system-
atically correctable, and fully first-principles-based the-
ory. Our results are fundamental for present and future
studies that investigate the GMCT solutions often nu-
merically, when analytical results are not available, as a
means to study e.g. fragility and tunability of liquid mod-
els in schematic GMCT14,19,23. Existence and uniqueness
of solutions is then essential.
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